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Abstract
Electron-atom excitation and ionization rates were numerically calculated using
Gryzinski classical cross sections and Maxwellian electron distributions. A simple
analytical expression was obtained which represents the calculations within -±-5%
over the physically most important range of electron temperatures and atomic
parameters. Transition rates calculated from a linear approximation to the cross
sections is in poorer agreement with the exact values than this analytical
expression.
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Numerical Calculation of Electron -Atom
 Excitation and Ionization
Rates Using Gryzinski Cross Sections
I. Introduction
In problems involving ionized gases, it is often of inter-
est to know the electron-atom excitation and de-excitation
rates for transitions between specific energy levels of the
atoms. Knowledge of such rates is important, for exam-
ple, in understanding the details of the kinetics of ion-
ization, recombination, and radiative processes in gases.
The excitation rate K (p, q) for transitions from level p
to level q is given (Ref. 1) by:
°°	 (E)
K (p, q) = I futn, v, d E o
P
 (E) Qn.^ ( E ) d E	 (1)
where
N, = the total electron density
d N, (E)/rd E = the electron distribution function in
terms of the energy E
o, (E) 2E) "-,
M J =the electron velocity
Q,,, v (E) =the energy-dependent electron-atom
inelastic cross section
U (p, q) = the energy difference between the two
levels
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This report presents results of the numerical calcula-
tion of these transition rates for a wide range of atomic
parameters. A Maxwellian distribution was taken for
u,. (E). This should be satisfactory for many cases of inter-
est; however, this assumption should be justified for any
particular case being considered. Other distribution func-
tions could be used when they are applicable. The
Gryzinski (Ref. 2) classical cross sections were used for
Q,, , ,, (E) because of their simplicity of calculation and
their apparent relatively good agreement with experi-
ment. These classical cross sections are currently quite
commonly used for these reasons by many authors
(Ref. J) in spite of their somewhat questionable theo-
retical justification.'
The numerical result have been correlated with a sim-
ple analytical expression. This formula can be used to
calculate quickly the transition rates within a physically
most important range of atomic parameters. It is also
shown that this expression predicts the transition rates
more accurately than an expression obtained by assuming
the cross sections to be linear functions of the energy.
'It should be noted that errors in equations presented in Ref. 2 are
corrected in Bauer, E., and Bartky, C. D.. "Calculation of Inelastic
Electron-Molecule Cross Sections by Classical Methods," J. Chem.
Phys., 43, 2488, 1985.
II. Exact Calculation
The Gryzinski cross sections are given bye:
E	 Up	 U
	
E 
l	 ( 
p	 E
Qn. a ( ) = Q UP. q' Lin, ^/ — Q \Un, a+1 Un. 9'1
(UppqU E _ oo
 Un, a
	
LinQ. Q gv
	
U;,'E
	 R pi
Ll
gv = (U; + E)'] 	 + 3 1 2E
	
r	 /E Un,aU 1 ^^
J^
X In l e+l	 P lJ
L'p^
X	 1 _. 
U119 3+,.p,+(1p.0
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where
Up = the binding energy of level p
For a Maxwellian distribution at temperature T
8 §	
ro	
E	 3i	 1 _
(p, q) _ ( ^/ Ljn.a a ^J a (A + e {1 + 3 E
(2)	 X (2E — 1) In Ce + ( A 
'T
1
1 zA + i 	 \
(3) J
where y = U,.,/kT. It should be noted that K (p, q) • Up, v%
depends only on two "universal" parameters A and y.
Hence, numerical evaluation of Eq. (7) for a suitable
range of val»es of these parameters can be applied to
any atom of interest.
For example, in potassium, A = 3, 4, and 5, respec-
tively, for 4s — 4p, 5p — 6s, and 4d — 6p. In argon,
(4) A = 1.4, 3, and 6.5, for 3p — 4s, 4s — 4p, and 5p — 4d,
respectively. For any lower level p, as the upper level q
gets higher A -). 1. If kT = 0.1 eV, y = 16, 3.4, and 2,
respectively, for the above transitions in potassium. Simi-
larly, y = 23, 3, and 5, respectively, for the above tran-
sitions in argon if kT = 0.5 eV.
o,, = 6.56 X 10-" cm = (eV)=.
In Eq. (4), substitution of E = E/Up , ,, A = P IU,.,,
results in
t
IE
gv	 A +E 
1 
E + 3 E2 (2E — 1)
Xln e+\EA1^'^1J^[I— e]A:,'	 (5)
The desired transition rate then consists of the difference
of two integrals over expressions having the form of
Eq. (5). This can be written as
K ( p, q ) = K (p , q ) — K (p , q + 1 )	 (6)
where each K is calculated from the corresponding
Eq. (3). Then, each integral can be considered separately.
In cases where the q and (q + 1) levels are widely sepa-
rated, the integral involving the latter can be neglected.
'For a discussion of Gryzinski's theory see the recent review by
Moiseiwitsch, B. L., and Smith, S. J., "Electron Impact Excitation
of Atoms," Rev. Mod. Phys., 40, 238, 1968.
Values of R = K (p, q) Up , ,% (in units of cm' s-' (eV)%)
wc. a numerically calculated on a computer for A = 1, 2,
4, 6, 8, and 10 over a range of y = 0.01 to 10. Figure 1
shows the results plotted against y, with A as a parameter.
Values of R for small y are plotted with expanded scales
in Figs. 2 and 3. It should be noted that, for small enough
y (high enough temperature), the trans:Zion rate decreases
with increasing temperature. This corresponds to the peak
of the Maxwellian distribution occurring at an energy
higher than the peak of the cross section.
The reason for the curves crossing is that, for small E,
which would be important for low temperature, go is
larger as A gets smaller. For large enough E (important
for high temperature), larger A gives larger gg. Thus, for
large y, the integral in Eq. (7) is larger for smaller A and,
for small enough y, the integral increases with A.
III. Analytic Approximation
By judicious manipulation of these numerical results
it is found that to a very good approximation
3.84 X 10- 1, y' a-11	 (8)R — A'+ (y2 + 7y/4 + 1/9)
_ A+30
t 5(2A + 5)
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Fig. 1. Calculated excitation rate dependence on parameter y = U,,,q/kT
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Fig. 2. Calculated excitation rate dependence on parameter y = U,,,,,/kt,
high-temperature behavior IA = 1, 2,4)
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Fig. 3. Calculated excitation rate dependence on parameter y = U,,q/kT,
high -temperature behavior IA = 6, 8, 101
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For 1= A G 10, 0.1 G y G 10, this equation reproduces
the numerical results to about ±5% or better. For A > 2
the equation can be extended down to y = 0.05 with
similar error. At y = 0.05, A = 1 the error is less than 20%.
Therefore, the rates for the physically most important
cases can be conveniently calculated by use of Eqs. (8)
and (6).
If U,., is replaced by UP in the above equations (so
that A = 1), an expression is obtained for the ionization
rate K (p, c) from level p. In this case Eq. (6) becomes
K (p, c) = K (p, c).
IV. Linear Approximation
Very often, to simplify numerical calculations, collision
cross sections are taken to be linear over the energy range
of interest. For example, as an approximation to the
Gryzinski expression Eq. (4), Byron, et al. (Ref. 4), have
taken
g(, = B (e — 1)	 (9)
where B is given as a numerical function of A. Use of
Eq. (9) instead of Eq. (5) in the integral over the velocity
distribution gives
R? _ / )"
W
B 
I 
+ ] e
-Y	 (10)
The results of numerical cal-.ulations using Eq. (10) are
shown in comparison with the exact results in Fig. 4. The
ratio WIR of the linear to exact transition rate is shown
as a function of y for three of the values of A under
consideration here. Byron states that the linear approxi-
mation to the cross section is within 30% of the Gryzinski
value if 0.01A G y G 1 + O.I.A. Figure 1 shows that these
bounds give an error larger than 30% in the integrated
transition rate.
The shape of the curves in Fig. 4 can he understood
by consideration of the shapes of the Maxwellian tail and
the g,r function. For a given A, the linear approximation
will be best when the Maxwellian tail crosses the linear
region of gQ. As y increases (kT decreases) the important
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Fig. 4. Ratio of transition rate calculated with linear approximation
to that calculated by exact cross section
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part of gQ
 is the threshold region, which is concave up-
ward. Byron's approximation overestimates the value of
94 in this region and, hence, also the value of R. For
small y (high temperature), contributions come from the
region where gQ is concave downward, so that the linear
approximation again overestimates the integral in Eq. (1).
As A increases, Kv becomes flatter and the linear approxi-
mation (at least over some range of y) is better.
V. Conclusions
A simple analytical expression has been obtained which
represents within ±5% the results of the exact calculation
over most of the range of parameters considered. Tran-
sition rates calculated from a linear approximation to the
cross sections is in poorer agreement with the exact values
than this analytical expression.
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